
Equation for the Murukku

Hi Swami,
So, what follows is the development of an equation for a point on the

surface of a murukku, in terms of its angular coordinate θ, and in terms
of three parameters specific to the murukku (these are precisely the
parameters you suggested!). I don’t have access to convenient picture
generating software or scanners right now, so I can’t include pics. But,
it is hardly difficult to imagine the murukku, and as you know, there
is one (or rather three) at http:\\vonfriday.wordpress.com

Imagine the murukku lying on the xy plane, the center of the hole
at the origin. The point where the batter is first laid out is on the
x-axis. Assume the batter is laid out in counter-clockwise fashion. We
will assume that the batter is laid out as a cylinder of uniform radius c,
except of course that there will be two twists going on as this cylinder
is wound around. We will follow the motion of a point on the murukku
at the outer edge of the start of the cylinder. So, if R0 is the distance
from the center of the batter when it is first laid out to the origin (the
initial radius), then this point that we are following has coordinates
(R0 + c, 0, 0). We will call this point P0.

The batter is first twisted round and round, as if one were screwing
a toothpaste cap in, and simultaneously, the wrist is moved around in
larger and larger circles. We thus get a coiled spiral. We will refer to
the coiling as the toothpaste coil and the wrist-generated spiral as the
wrist spiral. (Note that the the wrist spiral is the curve traced out
by the center of the batter-cylinder.) For any point on the murukku,
we can choose xyz coordinates, or, we can use polar coordinates for
the xy plane and retain the z coordinate. We will go the second route
for the time being: we will use R, θ for the xy plane and retain the z
coordinate. We will switch in the end to xyz coordinates.

We have already introduced two parameters R0 and c above. Note
that the equation for the wrist spiral is R(θ) = R0 + (c/π)θ. This is
because in one revolution of the wrist, the center of the batter moves
by 2c, the thickness of the murukku.

We need to superimpose on this, the motion of the point P0 = (R0 +
c, 0, 0) above as it twists its way along the murukku. Let us write
Pθ for this point when it is at angular coordinate θ. We introduce
the third parameter λ, which is the distance along the wrist spiral
traveled by a point on the surface of the murukku in one twist of the
toothpaste coil. (Thus, it would be like the pitch of a screw, except
that we are measuring this along the wrist spiral, i.e., along the center
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of the batter-cylinder, so it is an arc length rather than a straight line
distance.)

Let L(θ) be the length of the wrist spiral from start to the angle θ.
(We will write down a closed form expression for L(θ) shortly.) Then,
if we write L(θ) = kλ+ δ, where k is an integer and 0 ≤ δ < λ (i.e., we
take out as many multiples of λ as we can), then the phase of the point
Pθ is (δ/λ)2π, as it twists around in the toothpaste coil. As we can
see, this is the same as (L(θ)/λ)2π since adding k2π doesn’t change
the phase.

If the point Pθ were simply swinging in a circle of radius c on the
xz plane with center at origin, then its xyz coordinates would be
(c cos((L(θ)/λ)2π), 0, c sin((L(θ)/λ)2π). But instead, if it were swing-
ing in the same circle, except the circle has now been rotated by θ along
the z axis, then we need to change the coordinates by multiplying by
the matrix that represents this rotation.

The wrist spiral at the point θ has xyz coordinates (R(θ) cos(θ), R(θ) sin(θ), 0),
where as before, R(θ) = R0 +(c/π)θ. To this we superimpose the twist
of the point Pθ about the wrist spiral to get the following equation for
the xyz coordinates of the point Pθ:

Pθ =

 R(θ) cos(θ)
R(θ) sin(θ)

0

+

 cos(θ) − sin(θ) 0
sin(θ) cos(θ) 0

0 0 1

 c cos((L(θ)/λ)2π)
0

c sin((L(θ)/λ)2π)


(the 3 × 3 matrix above represents rotation about the z axis in the
counter clockwise direction by θ). This simplifies to

(1) Pθ =

 (R(θ) + c cos((L(θ)/λ)2π)) cos(θ)
(R(θ) + c cos((L(θ)/λ)2π)) sin(θ)

c sin((L(θ)/λ)2π)


where R(θ) = R0 + (c/π)θ.

We are left with the problem of determining L(θ) in a closed-form
way. There is a quick but approximate way to do this and a more
precise way to do this. The quick but approximate way is to assume
that any small sector of the wrist spiral corresponding to a change of
angle δα is approximately an arc of a circle of radius R(α), and so the
length of that small arc will be R(α)δα. It follows that the length L(θ)
is given by

L(θ) =

∫ θ

0

R(α) dα =

∫ θ

0

R0 + (c/π)α dα = R0θ + (c/π)θ2/2

We plug this into Equation (1) and we are done.
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The more precise way to compute L(θ) without the assumption about
a small sector being an arc of a circle is to use the arc length formula

in polar coordinates: L(θ) =
∫ θ

0

√
r(α)2 + (dr/dα)2 dα. This can be

done, and the answer is messy, involves ln functions and so forth, not
worth the trouble.

(Note something about the approximate formula for L(θ) above.
Taking θ = 2π, we find L(2π) = 2π(R0 + c). Since the start radius
is R0 and the end radius after one 2π swing is R0 + 2c, this formula
shows that the arc length of one turn of the spiral is approximately as
if it were a circle of radius the average of the start radius and the end
radius. Which is kinda what we might expect it to be.)

Happy eating!
Bharath


